
GaussianProcessModellingof AusteniteFormationin Steel

C.A.L. Bailer-Jones
��� ��� �

, H.K.D.H. Bhadeshia
�
, D.J.C.MacKay

��
CavendishLaboratory, Departmentof Physics,Universityof Cambridge,

Madingley Road,Cambridge,CB30HE�
Departmentof MaterialsScienceandMetallurgy, Universityof Cambridge,

PembrokeStreet,Cambridge,CB23QZ�
Presentaddress:Max-Planck-Institutfür AstronomieKönigstuhl17,

D-69117Heidelberg,Germany. email: calj@mpia-hd.mpg.de

Submittedto Materials Science and Technology, 26May 1998

Abstract

WeintroducetheGaussianprocessmodelfor theempiricalmodellingof theformationof austeniteduring
thecontinuousheatingof steels.A previous paperhasexaminedtheapplicationof neuralnetworks to
thisproblem,but theGaussianprocessmodelis amoregeneralprobabilisticmodelwhichavoidssomeof
thearbitrarinessof neuralnetworks,andis somewhatmoreamenableto interpretation.We demonstrate
thatthemodelleadsto animprovementin thesignificanceof thetrendsof the

	�
 � and
	�
 � temperatures

asa functionof the chemicalcompositionandheatingrate. In somecases,thesepredictedtrendsare
moreplausiblethanthoseobtainedwith theneuralnetwork analysis.Additionally, we show thatmany
of the tracealloying elementspresentin steelsare irrelevant in determiningthe austeniteformation
temperatures.

1 Introduction

The formationof austeniteis an importantcomponentin theheattreatmentof steels.Thetemperature
at which austenitebegins to form duringthecontinuousheatingof steelis calledthe

	�
 � temperature.
Thatat which thesteelbecomesfully austeniticis the

	�
 � temperature.Thecorrespondingequilibrium
temperatures(i.e. thosefor an infinitesimally small heatingrate)are

	�
 � and
	�
 � respectively, with	�
 ��� 	�
 � and

	�
 ��� 	�
 � . In previouswork [1] (hereafterreferredto asGBMS)aneuralnetwork was
usedto modelthevariationin thesetransformationstartandfinishtemperaturesasa functionof thesteel
chemicalcompositionandtheheatingrate(the“inputs”). Theanalysiswasconductedona largedataset
compiledfrom thepublishedliterature,takinginto accounta totalof 21differentalloying elements.

Generallyspeaking,the trainedneuralnetwork wasdemonstratedto be largely consistentwith phase
transformationtheory, andits predictedtrends(i.e. thevariationof

	�
 � and
	�
 � with theinputs)agreed

with establishedmetallurgicalunderstanding.However, in somecasesthetrendswerefoundto beuncer-
tain (largeerrorbars)andhencedifficult to interpret,andin a few casesthetrendsdifferedconsiderably
from what wasexpected. Subsequentuseof the modelhasalso revealedthat the analysismay have
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beenover ambitiousin the numberof compositiontermsincludedasinput variables.It turnsout that
many of the traceelementsshowed little or no significantvariationwithin the datasetusedto develop
thenetwork. Thusthemodelwasunableto learnthedependenceof

	�
 � or
	�
 � on thesetraceelements,

and� asaconsequencethemodeltended,notsurprisingly, to giveuncertainpredictionswhenthethetrace
elementconcentrationswerevaried.

Thepresentwork hastwo purposes.Thefirst is to repeattheanalysisusinga reducedsetof variables
by eliminatingthosevariableswhich (a) show very little variation,(b) we believe not to significantly
influencethe austeniteformationprocessat the concentrationsinvolved, or (c) arelikely to have been
inaccuratelydetermined.

The secondpurposeis to introducea more generalmethodof datamodelling, the Gaussianprocess
model[2] [3]. The neuralnetwork methodin the original work involved the creationof a large setof
models,eachwith a differentlevel of complexity. Thosemodelswhich weretoo simple— andhence
unableto capturethe trendsin thedata— wererejected,aswereover complex modelswhich did not
generalizewell. Thusconsiderableeffort wasexpendedin determiningthe requiredcomplexity of the
function (network) describingthe relationshipbetweenthe input andoutputvariables. The Gaussian
processmodel,on theotherhand,avoidstheexplicit parameterisationof theinput–outputfunction.One
of the advantagesof this is that it doesnot requireus to make the oftenad hoc decisionregardingthe
complexity of our model (i.e. the numberof hiddennodesand layersin the network). It hasbeen
shown that theGaussianprocessis a generalisationof many standardinterpolationmethods,including
neuralnetworksandsplines[4]. In metallurgy, GaussianProcesseshave beenappliedto theproblemof
modellingrecrystallisationin Aluminium alloys [5] [6].

In thepresentwork,aGaussianprocessmodelis trainedonthereduceddataset,andtheresultscompared
with thosefrom theneuralnetwork in GBMS.In orderto ascertainwhetherthedifferencesaredueto the
useof anew typeof model,or thereduceddataset,anotherGaussianprocessmodelis trainedonthefull
dataset(i.e.all 22 inputvariables)usedin GBMS.

2 The Data

Theoriginal datasetconsistedof 22 input variables,andtwo outputvariables,namelythe
	�
 � and

	�
 �
temperatureswhich describetheonsetandcompletion(respectively) of austeniteformationduringcon-
tinuousheatingfrom ambienttemperature.788cases(input–outputpairs)wereusedin theanalysis.

In additionto theheatingrate,the input variablesconsistedof theelementsC, Si, Mn, Cu, Ni, Cr, Mo,
Nb, V, W andCo, togetherwith the traceelementsS, P, Ti, Al, B, As, Sn, Zr, N andO. However, a
closeexaminationof thedatasetindicatedthat thevariationin concentrationfor thetraceelementswas
rathersmall(zeroin thecaseof As,Sn,Zr andO) andpossiblyinsignificantcomparedwith theestimated
precisionof thechemicalanalysis.Furthermore,in themajority of casesthetraceelementsarein such
smallconcentrationsthatthey arenotexpectedto greatlyinfluencetransformationbehaviour. They were
thereforeeliminatedfrom thelist of inputs.Thereduceddatasetis presentedin Table1.

3 Data Modelling

Theproblemweaddressisoneof obtainingamodelof thedependenceof an‘output’ variable,suchasthe	�
 � temperature,onseveralinputvariables,suchasthemassfractionsof thedifferentalloying elements.
A generalapproachto this typeof problemis to formulateaphysicallymotivated,parameterizedmodel
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which describesthe relationshipbetweenthe inputsandthe output. We cantheninfer the parameters
of the modelusinga setof measuredinputsandoutputs(the training data), i.e. we interpolatethese
data. This can be donewith standardregressionmethodssuchas leastsquaresminimisation. Once
the
�

parametershavebeendeterminedwecanmakepredictionsof theoutputfor any valuesof theinputs.
However, suchanapproachis limited to thosesimpleproblemsin whichaphysicalmodelcanbedevised
which still modelsthe datawith sufficient accuracy. To obtainaccuratepredictionsin morecomplex
situationsit is oftennecessaryto take anempiricalapproach,in which the input–outputrelationshipis
determinedfrom thedatawithout referenceto asimplifiedphysicalmodel.

Onesuchapproachis neuralnetwork modelling. Neuralnetworksarea flexible approachto datamod-
elling asthey canprovideanarbitrarilycomplex, non-linearmappingbetweenoneor moreinputsandan
output.Thismappingis parameterizedby asetof ‘weights’, theoptimumvaluesof whicharedetermined
by trainingthenetwork.

4 The Gaussian process model

In modellingcomplex problemsempirically, wedonotknow whattheparameterizedform of theinput–
output relationshipshouldbe. The Gaussianprocessmodel is a way of avoiding having to explicity
parameterizethis relationshipby insteadparameterizinga probability modelover thedata[2] [3].

Let thetrainingdatasetconsistof � inputvectors,��� ��� � ����������� ����� , andthecorrespondingsetof known
outputs(or “targets”) �� � �  � �������!�  � � . A prediction,  �#" � , canthenbe madeat any new input value,� �#" � , basedon thesetrainingdata.For brevity, let $ � representthesetof input vectorsand % � bethe
vectorof correspondingoutputs.

The approachof the Gaussianprocessmodel is as follows. Let &(')%��+* ����, be the joint probability
distribution over the � outputvaluesin thetrainingdataset.This is a probabilitydistribution in an � -
dimensionalspace.Similarly, the joint probability distribution of both the � training datapointsand
thesinglenew point is &(') �#" � � % � * � �-" � � $ � , . In makingpredictionsbasedon the trainingdata,we
want to find &(') �-" � * � �#" � �/. , , that is, the probabilitydistribution over the predictedpoint given that
we know thecorrespondinginput, ���-" � , andall of thetrainingdata,.10 ��%�� � $2�3� . Therelationship
betweenthesequantitiescomesfrom thesimpleruleof probability, &4' 	 �/5 , 0 &4' 	 * 5 ,6&(' 5 , , which in
thiscasetranslatesto&4') �#" � * � �-" � �/. , 0 &(') �#" � � % � * � �#" � � $ � ,&(')%��7* $2��, � (1)

In orderto evaluatethis,weneedto choosetheform of theseprobabilitydistributions.TheGaussianpro-
cessmodelspecifiesthatthejoint prior probabilitydistribution of any � outputvaluesis a multivariate
Gaussian,&4')% � * $ � �98 ,;:=<9>@? ACBEDF ')% � BHG ,JI;K(L �� ')% � BHG ,NM (2)

where
G

is the mean,and K � is a covariancematrix which is a function of $ � and 8 , the latter
being a set of parameterswhich will be discussedlater. A similar equationholds for % �-" � , where%��#" �O0 ')%�� �  ��-" � , . Thuswe seethat the numeratoranddenominatorin equation1 aremultivariate
Gaussiansof dimension�QP D and � respectively, in whichcaseit canbeshown that &4') �#" � * � �-" � �/. ,
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is aunivariateGaussian,

&4') �#" � * � �-" � �/. , 0 DR F�S�TVUW <9>X?HY B ') �#" � B[Z �, �F�T � UW \ (3)

with mean
Z andstandarddeviation

TVUW . This is thedesiredprobabilitydistribution over theoutputvalue
for thegiveninput, � �#" � . (Notethatwearenotsayingthattheinput–outputfunction is aGaussian!)As
wehave anentireprobabilitydistribution, wecannotonly make a predictionbut alsoassignconfidence
intervals to this prediction. Typically we would reporta predictionas

Z ^] TVUW , where
T_UW is the

D T
error

determinedby themodel.

Thevaluesof
Z and

T_UW dependonthecovariancematrix, K � , of theGaussianprocessmodelin equation2
(seeAppendix).Theelementsof this matrix, `-acb , aregivenby thecovariancefunction, ` . Theform of
thecovariancefunction is centralto theGaussianprocessmodel,andembodiesour assumptionsabout
thenatureof theunderlyinginput–outputfunctionwe aretrying to model. It is throughthecovariance
functionthatthepredictionsdependupontheinputsin thetrainingdata.

Thecovariancefunctionweuseis

` 0Qd � <9>@?feg BhDF�ikjmln ikj � ')oqp isra
B o�p isrb , �t �i

uv P d � P T �w@x ayb � (4)

This givesthecovariancebetweenany two outputvalues, Na and  zb , with corresponding{ -dimensional
inputvectors�|a and �}b respectively. Thefirst termin ` specifiesour belief thattheunderlyingfunction
wearemodellingis smoothlyvarying: t i is thecharacteristiclengthscaleoverwhichthefunctionvaries
in the ~ W�� input dimension.Examiningthe form of this term,we seethat whentwo inputsare“close”
(on thescaleof their lengthscales)theexponentis small,sothis termmakesa largecontribution to the
covariance.In otherwords,if two input vectorsareclose,their correspondingoutputsarehighly corre-
lated,makingit probablethatthey have similar values.This form of ` placesrelatively few constraints
on thefunction,andpermitsusto modelnon-linearfunctions.

Thesecondtermin equation4 simplyallowsfunctionsto haveaconstantoffset,i.e.haveameandifferent
from zero. (This couldalsobedoneby settingthemeanin equation2 to

G 0 ' D � D ��������� D , 
 , where



is a hyperparameterwhich must be inferred. We insteadchooseto set
G 0�� and have all of the

hyperparametersin thecovariancefunction.)Thefinal termis thenoisemodel: x acb is thedeltafunction,
so this term only givesa contribution to the covariancewhen � 0�� . In this casewe have a constant
(input independent)noisemodel;thevarianceof thenoiseis

T �w . Notethat this noisemodelis only for
theoutputs:weassumethattheinputsto benoisefree.

Thesetof parameterst i ( ~ = D ����� { ), d � , d � and
T w in equation4 arecalledhyperparameters becausethey

explicity parameterizea probabilitydistribution over the input–outputfunctionratherthanthe function
itself. They will bedenoted8 for brevity, asin equation2. Along with � �#" � andthetrainingdata,the
hyperparameterscompletelyspecifytheelementsof thecovariancematrixandhencethevaluesof

Z andT_UW (seeAppendix).

If enoughis known abouttheproblem,thesehyperparameterscanbesetby hand.Morecommonly, how-
ever, we mustinfer their optimumvaluesfrom thetrainingdata.This is doneby maximizing &(' 8 * . , ,
the probability of the hyperparametersgiven the training data,with respectto 8 . This is relatedto
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&(')% � * $ � �98 , in equation2 via Bayes’Theorem,

&4' 8 * . , 0 &(')% � * $ � �98 ,6&(' 8 ,&4')% � * $ � , � (5)

Theoptimisationmustusuallybedonenumerically. Thesecondtermin thenumeratorof equation5 is
theprior probabilitydistribution over thehyperparameters.Thehyperparameterpriorsareanimportant
methodfor introducingany prior knowledgewe may have of the valuesof the length scales,or the
magnitudeof thenoisevariance.Thisapproachof maximizingtheevidencefor thehyperparametersis a
Bayesianonewhichautomaticallyembodiescomplexity control,evenif theprioronthehyperparameters
is uniform(uninformative) [7].

5 Results: model performance

In developingaGaussianprocessmodel,thedatasetwasrandomlydividedinto two halves,eachconsist-
ing of 394input–outputpairs. Thefirst half (trainingdata)wasusedto train themodel,andthesecond
half (testdata)wasthenusedto testtheability of themodelto generalizeits predictions.To aid inter-
pretationof themodel,eachinput andoutputvariablewaslinearly scaledinto therange

B�� ��� to P � ��� ,
usingtherangevaluesin Table1.

TwoseparateGaussianprocessmodelsweredevelopedin thisfashion,oneto modeleachof
	�
 � and

	�
 �
asafunctionof thereducedinputdataset(Table1). Theperformanceof thesemodelsonthetrainingand
thetestdatais shown in Fig. 1, by plotting thepredictedvalue,

Z , againstthetargetvalue, � . This plot
clearlydemonstratesthatbothmodelshavegeneralizedwell, andthereforehavecapturedtheunderlying
relationshipsin thetrainingdata.Theseplotsalsoshow themodellinguncertainties,

TVUW , determinedby
the model(equation3). Given that the sizeof theseuncertaintiesis commensuratewith the scatterof
thepredictionsaboutthe target values,we canbeconfidentthat themodelis makinggoodpredictions
of its own error. This canbebetterseenin Fig. 2, which shows histogramsof the � values.The � value
is the numberof standarddeviationsfrom which the predictedvaluediffers from the target value,i.e.� 0 ' Z B ��,�� TVUW . Thisfigureshowsthatthemodelis predictingreasonableuncertainties,with 94%(68%)
of both

	�
 � and
	�
 � predictedtemperatureslying with 2

TVUW (1
TVUW ) of thetargetvalue.

Fig. 3 shows the inverseof the lengthscalehyperparametersfor the two Gaussianprocessmodels.As
canbe seenfrom equation4, the inversesquareof the lengthscale,t i , givesthe scaleof the ~ W�� input
overwhich theoutputvariesby asignificantamount.Thus t L �i is ameasureof the“relevance”of the ~ W��
input in determiningtheoutput: if t i is small,theoutputvariesquitea lot as o i does,soits relevanceis
large.Notethattherelevanceis notquitethesameas“sensitivity” of theoutput,  , to aninput, o i . (This
latterquantitywould be �} ����}o i , which dependson thevalueof o i .) Ratherthe relevanceis anoverall
measureof thesignificanceof that input variablein determiningtheoutput. Therelevanceparameters
canbecompareddirectlywith the

T}�
valuesin GBMS,andweseesimilaroverall results.

Accordingto Fig.3, themodelspredictthatcarbonexplainslessof thevariationin
	�
 � thanin

	�
 � . This
canbeunderstoodphysicallybecausethecarbonis, in thestartingmicrostructure,presentascarbides,
with very little of it in solution.Theaveragecarbonconcentrationis thereforeof secondaryimportance
for thestartof austeniteformation.

It is importantto notethat the lengthscalesreportedin Fig. 3 arein unitsof the scaled input variable.
As the inputswerescaledto lie in the range

B�� ��� to P � ��� , thesizeof the lengthscaledependson the
rangeof the inputs. Thusthereportedlengthscaleof 1.68for carbonin the

	�
 � problemcorresponds

5



to a lengthscalein units of concentrationof 1.61wt-%, whereasthe almostidenticalreportedlength
scaleof 1.69for silicon is a concentrationlengthscaleof 3.60wt-%, on accountof the larger rangeof
concentrationsof silicon in thedataset(Table1). It is nonethelessusefulto reportlengthscalesin terms
of� thescaledvariable,asthis takesinto accountthedifferencesin thetypicalconcentrationrangesof the
differentalloying elements.

Thestandarddeviation of thenoisein thedata,
T w , is oneof thehyperparameterslearnedby themodel

during training (seeequation4). This wasfound to be
T w 0 14.0 � C and

T w 0 17.5 � C for the
	�
 �

and
	�
 � modelsrepsectively. Thenoise,alongwith someadditional“fitting uncertainty”,comprisethe

modellinguncertainty,
TVUW , at a given point (the error barsin Fig. 1). The averagevalueof

TVUW for the
testdatais 17.3 � C and19.7 � C for

	�
 � and
	�
 � respectively. Assumingthatthefitting uncertaintyand

noiseadd in quadrature,we seethat the noisetypically contributesabout85% of the total modelling
uncertainty. In otherwords, the intrinsic noisein the measurementsof

	�
 � and
	�
 � is probablythe

dominantsourceof error.

6 Results: model predictions

Figs.4, 5 and6 show themodels’predictionsof theeffectsof varyingtheconcentrationof thedifferent
alloying elementson the

	�
 � and
	�
 � temperatures.Otherthanthe predictedtrendsshown in Fig. 4

for carbonandtheheatingrate,all predictionsarefor a heatingrateof 1 ��� L � andfor Fe–0.2C(wt-%)
steels,i.e. the fraction of all alloying elementsotherthanthe onebeingvariedis zero. The predicted
effect of thecarbonconcentration(Fig. 4a) is for a plain carbonsteel(i.e. binaryFe–Calloys), againat
aheatingrateof 1 �H� L � . Theheatingratepredictionis (Fig. 4b) for abinaryFe–0.2C(wt-%) steel.

Thepeakin the transformationtemperature(Fig. 4a)wasnot initially expected,althoughit canbeex-
plainedif retainedausteniteis presentin themicrostructure.Thispredictionis consistentwith thatgiven
by theneuralnetwork in GBMS,andthereaderis referredto thatpaperfor adiscussion.Thepredictions
for carbon(Fig. 4b)arein broadagreementwith thoseobtainedin GBMS.

Nickel is anaustenitestabilizer, andjudgingfrom thephasediagram,boththe
	�
 � and

	�
 � temperatures
shoulddecreasewith increasingnickel concentration.Thesetrendsarepredictedby theGaussianprocess
modelsasillustratedin Fig. 4c. This resultis a largeimprovementover theresultsof thepreviousneural
network analysis,which not only gave an incorrecttrendfor the

	�
 � temperatureasa functionof the
nickel concentration,but alsoindicatedvery largeuncertaintiesin thecalculations.

Thepredictionsfor chromium(Fig. 4d) aremoreinterestingandagainsignificantlydiffer from GBMS.
The

	�
 � temperaturegoesthroughaminimumatabout5wt-%of Cr, whichisconsistentwith aminimum
found in the equilibrium

	�
 � temperatureat about7 wt-%. On the otherhand,the trendof
	�
 � asa

functionof Cr is oppositeto thatexpectedfor
	�
 � ; thereasonfor this is notunderstood.

It would be useful to know whetherthesediscrepanciesbetweenthe Gaussianprocessmodelandthe
neuralnetwork modelareon accountof having useda differentmodelor thereduceddataset.To deter-
minethis, we developedGaussianprocessmodelson the full datasetusedin GBMS, andusedtheseto
make predictionsfor thesamealloys. For brevity, we shall refer to theGaussianprocessmodeltrained
on the reduceddatasetasthe 12d model(for 12 input dimensions)andthat trainedon the full dataset
as the 22d model. We find that both modelsgive essentiallyidentical trendswith HR, C andNi for
both

	�
 � and
	�
 � , indicatingthat the improvedpredictionsin Fig. 4 areon accountof having usedthe

Gaussianprocessmodelratherthandueto theremoval of thetraceelements.

Fig. 5ashows thatcopper, over theconcentrationrangeconsidered,haslittle influenceon the
	�
 � tem-
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peraturebut depressesthe
	�
 � temperatureas the concentrationapproachesthe upperlimit of about

1 wt-%. The latter effect is expectedfrom the phasediagram,sincecopperincreasesthe stability of
austenite.

TheGaussianprocesspredictionsfor manganesearesimilar to thoseobtainedby theneuralnetwork, but
thelargeruncertaintiespredictedby theGaussianprocessseemmorereasonable.This is particularlythe
casewhenwe considerthatthemodelshouldnever predictuncertaintiessmallerthantheinferrednoise
level. Fig.5bshowssome‘high frequency’ detailin thevariationof the

	�
 � predictionswith manganese,
whichis notexpectedandwasnotpresentin theneuralnetwork predictions.Thisis reflectedby thesmall
lengthscale(0.09) for the Gaussianprocessmodel. In comparison,the 22d Gaussianprocessmodel
predictslessvariation,andhasa correspondinglylarger lengthscale(0.22).Thediscrepancy maybeon
accountof the12dmodelslightly overfitting thedatain this regionof theinputspace.

The
	�
 � and

	�
 � temperaturesshow a similar insensitivty to low concentrationsof molybdenumasin
thepreviouswork (Fig.5c). As notedin GBMS,theoppositetrendsof

	�
 � and
	�
 � athigherconcentra-

tionsareconsistentwith phasediagramcalcuations.The22dGaussianprocessmodelsgivesessentially
identicalpredictions.

It is worth mentioningat this point that the Gaussianprocessmodel, like the neuralnetwork, is an
interpolationmodel. Thus when extrapolatingbeyond the rangesof the input valuesin the training
datasetthe predictionsare lesswell determinedby the data,so we would expect poorerpredictions.
Correspondinglywe would expect the model to predict larger uncertainties,and this can be seenin
Figs.4 and5. As we move away from therangeof thetrainingdata,thepredictionsbecomemoreand
moremodel-dependent,in this casedependenton the form of the covariancefunction. Inspectionof
equation4 shows thatwell away from thedata(large o i ) thedominantcovarianceterm is d � , which is
constant,sotheextrapolationswill asymptotetowardsaconstantvalue.Thepredictionsin Figs.4, 5 and
6 aremostlyfor valueswithin therangeof inputs.However, it shouldbepointedout thatthedistribution
of the inputs is sometimesskewed towardslow values,e.g. for molybdenum(Table 1). Thus could
model-dependentextrapolationexplain the“turn down” in

	�
 � for high Mo concentrationsin Fig. 5c?
Theansweris probablyno,asasimilar turn down is seenin GBMSfrom theneuralnetwork, whichhas
adifferentmodelprior. Wearesimilarly confidentthatmuchof thebehaviour in theotherplotsis “real”.

An initial reactionmaybethatextrapolationsshouldfollow thelasttrendin thedata,ratherthantending
towardsa constantvalue. However, we cannotnecessarilyjustify that suchtrendsshouldinfluence
predictionsatverydistantpartsof theparameterspace.Thechoiceof themodelprior is thusasomewhat
philosophicalonewhich we will not discusshere. We simply warn the readerthat the extrapolations
from any modelwill be model-dependent.A differentGaussianprocesscovariancefunctioncould be
introducedto providedifferentextrapolationbehaviours[8].

TheGaussianprocessmodelgivesa predictedtrendfor the
	�
 � temperaturein silicon (Fig. 5d) which

differs from theneuralnetwork predictions.However, given thevery largeerrorbarsin the lattercase,
the neuralnetwork essentiallyfailed to learnany significanttrend. The 22d Gaussianprocessmodels
give similar predictionsanderror barsto the 12d Gaussianprocessmodels,showing that the reduced
uncertaintyis a resultof usingtheGaussianprocessmodel.

The �(P�� phasefield in Fe–Coalloys is extremelynarrow andthephaseboundariesarevirtually hor-
izontal on the plot of temperatureversusconcentration.This is accuratelyreflectedin the predictions
for cobalt(Fig. 6a). Vanadiumis a very strongcarbide–formingelement,with limited solubility even
in austenite.Hence,it is not surprisingthat both the

	�
 � and
	�
 � temperaturesareinsensitive to the

vanadiumconcentration(Fig. 6b). This is similar to the predictionsof GBMS, but the Gaussianpro-
cessmodeldoesnot predictthesharpincreasein both

	�
 � and
	�
 � betweenconcentrationsof 0.1 and

1.0 wt-%. The22dGaussianprocessmodelsshow very similar behaviour to the12dGaussianprocess
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models.

7
�

Model Comparison

The performanceof the modelsdiscussedabove (12d Gaussianprocessmodel;22d Gaussianprocess
model; 22d neuralnetwork model from GBMS) canbe assessedby comparingrms errorson the test
data. Theseareshown in Table2. Themodelsgive very similar rmserrorson the

	�
 � problem. This
indicatesthat removing the 10 tracevariablesdoesnot decreasethe quality of the predictions. It also
shows that thereis little differencein the average performanceof the models,althoughthe analysis
above hasshown that the Gaussianprocessmodelsgive betterpredictions(aswell asmoreplausible
errorbars)for someFe–0.2C(wt-%) steels.

Thesmaller
	�
 � error for the12dGaussianprocessmodelascomparedwith the22dGaussianprocess

modelis presumablyonaccountof having removedthetracevariables.Thiswouldseemto confirmour
suspicionthatretainingthetracevariablesleadsto inferior performance,probablydueto theinaccuracy
of their measurement.It is interesting,however, that this hasnot affectedthe

	�
 � Gaussianprocess
model. It is possiblethat the tracevariablesaremoresignificantin determining

	�
 � than
	�
 � , but the

reductionfor
	�
 � is small(2.6� C), sothisconclusionmaynotbethatsignificant.

The rms error doesnot tell the whole story, as it ignoresthe predictederror,
T_UW . Thuseven if a pre-

diction which greatlydiffers from its target valuehasa correspondinglylarge predicteduncertainty, it
will nonethelessgive a large contribution the rms error. This limits the value of the rms error as a
measureof modelperformance.A measurewhich doestake into accountthepredicteduncertaintiesis&(') �-" � * � �#" � �/. , in equation3, theprobabilityof a predictiongiventhetrainingdata.Theproductof
theseprobabilitiesover the � vectorsin thetestdatasetgivesthetotalpredictederror��� { 0 BE� j|��� j � &(') � * � � �/. , 0

� j|�n� j �(  '¡� �
B[Z � , �F�T �� P ��� T ��¢ (6)

where � � , Z � and
T � arethe target,predictionandmodelpredicteduncertaintyrespectively for the £ W��

vector;anadditive constanthasbeendropped.
��� { is a dimensionlesserror, with morenegative values

indicatingabettermodel.Thevaluesof
��� { for theGaussianprocessmodelsarelistedin Table2. While

the22dGaussianprocessmodelgavealargerrmserrorthanthe12dGaussianprocessmodelonthe
	�
 �

problem,they have very similar
��� { values.In termsof theconsistency of their predictionswith their

reporteduncertainties,therefore,thetwo modelsareequallygood.

Theneuralnetwork givesslightly lower averageerrorsthantheGaussianprocessfor the22dproblems.
However, it shouldbenotedthatmany neuralnetworkswith differentdegreesof complexity anddifferent
initial weightsweretriedbeforeselectingthebestone,i.e. thatwhich gave thesmallesterroron thetest
dataset[1]. No suchselectionwasdone(or is necessary)with theGaussianprocess,sothecomparison
is notentirelyfair.

8 Conclusions

TheGaussianprocessmodelhasbeenintroducedfor empiricallymodellingtherelationshipbetweena
setof input variablesandanoutputvariable.This modelhasbeenappliedto theproblemof predicting
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thetemperatureatwhichaustenitestartsto form (
	�
 � ) andthetemperatureatwhichausteniteformation

completes(
	�
 � ), duringthecontinuousheatingof a steelalloy. In contrastto previouswork (GBMS),

a reduceddatasethasbeenusedby removing thosetraceelementsbelieved to be largely irrelevant in
determining
¤ 	�
 � and

	�
 � at theconcentrationsinvolved. Their irrelevancehasbeenconfirmedby our
analyses,asGaussianprocessmodelstrainedon the original full dataset(22 inputs)give very similar
resultsto Gaussianprocessmodelstrainedon thereduceddataset(12 inputs).

TheGaussianprocessmodelhastheadvantageover theneuralnetwork modelthatwe avoid having to
make a decisionregardingthenumberof hiddennodesandlayersin thenetwork. Theneuralnetwork
architecturemustoftenbeoptimisedby traininga rangeof networksandcomparingtheir performances
on a separatevalidation dataset. No suchvalidation datasetis requiredwhen training the Gaussian
process,allowing all of the datato be usedfor training. Anotheradvantageof the Gaussianprocess
modelis thatits hyperparametersaremoreinterpretablethantheweightsin aneuralnetwork. Ourresults
havedemonstratedthattheGaussianprocessmodelperformsat leastaswell astheneuralnetwork model
of GBMS[1], andin many casesproducedbetterpredictions(e.g.Ni) andsmallererrorbars(e.g.Si).
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Appendix

The predictive probability distribution from the Gaussianprocessmodel (equation2) is a univariate
Gaussianwith mean

Z andstandarddeviation
TVUW (equation3). Thesearegivenby (e.g.[9])Z 0Q¥ I K L �� % � � (7)T � UW 0 £ B ¥ I K L �� ¥¦� (8)

where¥§0©¨ `O')� � � � �#" � , � `O')� � � � �#" � , �������!� `(')� � � � �#" � ,Jª � (9)£ 0 `O')� �#" � � � �-" � , � (10)` is the covariancefunction (equation4). K+� is the ��«¬� covariancematrix formedfrom the �
trainingdatapoints,theelementsof which are `-acb 0 ` . � � � � � ��������� � � arethe � input vectorsin the
trainingdatasetcorrespondingto the � outputs, � �  � ���������  � . � �-" � is the input at which we wish to
make apredictionof  .
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Table1: Thereduceddataset.The12inputvariablesconsistof 11elementconcentrations(in wt-%) and
theheatingrate.Thetwo outputvariablesarethe

	�
 � and
	�
 � temperatures.

Variable Range Mean Standard
Deviation

C 0–0.96 0.30 0.17
Si 0–2.13 0.39 0.41
Mn 0–3.06 0.82 0.38
Cu 0–2.01 0.05 0.13
Ni 0–9.12 1.01 1.48
Cr 0–17.98 1.23 2.38
Mo 0–4.80 0.32 0.37
Nb 0–0.17 0.003 0.013
V 0–2.45 0.05 0.13
W 0–8.59 0.06 0.48
Co 0–4.07 0.06 0.42
HeatingRate/ ��� L � 0.03–50 1.0 11.6	�
 � / � C 530–921 724 52	�
 � / � C 651–1060 819 55

Table2: A comparisonof thermserrors, ­ , andlog predictederror,
��� { , on the testdataobtainedby

threedifferentmodels.( { is definedin thetext.) Theneuralnetwork modelis from GBMS. In all cases
oneof theinputsis theheatingrate;theotherinputsarethealloying elements.

Model ­4' 	�
 � , / � C ­4' 	�
 � , / � C ��� {�' 	�
 � , ��� {�' 	�
 � ,
Neuralnetwork (22 inputdimensions) 20.2 21.8 — —
Gaussianprocess(22 inputdimensions) 21.0 25.3 971 954
Gaussianprocess(12 inputdimensions) 20.9 22.7 967 964
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(a)
	�
 � modelpredictionsof thetrainingdata;(b)

	�
 � modelpredictionsof thetestdata;(c)
	�
 � model

predictionsof thetrainingdata;(d)
	�
 � modelpredictionsof thetestdata.

Figure 1: Predictedvs. target outputsfor the
	�
 � and

	�
 � Gaussianprocessmodelstrainedon the
reduceddataset.E is the rms valueof the predictionsin eachcase(i.e. the scatterof pointsaboutthe
overplottedpredicted= target line). Theerrorbars,

T_UW , arethemodellinguncertaintiespredictedby the
Gaussianprocessmodel(equation3).
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Figure2: Histogramsof � 0 ' Z B ��,�� T_UW for
	�
 � and

	�
 � .

13



Figure3: Model inferredrelevanceof the12 inputsfor the
	�
 � and

	�
 � Gaussianprocessmodels.HR
is theheatingrate.Therelevancesaretheinversesof thelengthscales,t i .
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Figure 4: Gaussianprocessmodel predictionsfor HR, C, Ni and Cr. The filled points are the
	�
 �

predictions,andthesolid linesthecorresponding] D T modellinguncertainties.Theopenpointsarethe	�
 � predictions,andthedashedlinesthecorresponding] D T modellinguncertainties.For thepredictions
againstheatingrate(HR), thealloy is abinaryFe–0.2C(wt-%) steel.Thepredictionsagainstcarbonare
for plaincarbonsteels,andfor Ni andCr thealloysareFe–0.2C(wt-%) steels.In theselatterthreecases
theheatingrateis 1 �H� L � .
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Figure5: Gaussianprocessmodelpredictionsfor Cu, Mn, Mo andSi. The filled pointsarethe
	�
 �

predictions,andthesolid linesthecorresponding] D T modellinguncertainties.Theopenpointsarethe	�
 � predictions,andthe dashedlines the corresponding] D T modellinguncertainties.The alloys are
Fe–0.2C(wt-%) steels;theheatingrateis 1 ��� L �
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Figure6: Gaussianprocessmodelpredictionsfor Co, V, Nb andW. Thefilled pointsarethe
	�
 � pre-

dictions,andthe solid lines the corresponding] D T modellinguncertainties.The openpointsarethe	�
 � predictions,andthe dashedlines the corresponding] D T modellinguncertainties.The alloys are
Fe–0.2C(wt-%) steels;theheatingrateis 1 ��� L � .

17


