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Abstract

Weintroducethe Gaussiamprocessnodelfor theempiricalmodellingof theformationof austeniteluring
the continuousheatingof steels.A previous paperhasexaminedthe applicationof neuralnetworksto
thisproblem but theGaussiamprocessnodelis amoregeneraprobabilisticnodelwhichavoids someof
thearbitrarines®f neuralnetworks,andis somavhatmoreamenabldo interpretation We demonstrate
thatthemodelleadsto animprovementn thesignificanceof thetrendsof the Ac; and Acs temperatures
asa function of the chemicalcompositionand heatingrate. In somecasesthesepredictedtrendsare
moreplausiblethanthoseobtainedwith the neuralnetwork analysis.Additionally, we shawv thatmary
of the tracealloying elementspresentin steelsare irrelevant in determiningthe austeniteformation
temperatures.

1 Introduction

The formationof austenitds animportantcomponentn the heattreatmentf steels. Thetemperature
at which austenitébegins to form during the continuousheatingof steelis calledthe Ac; temperature.
Thatat whichthesteelbecomedully austenitids the Acs temperatureThe correspondingquilibrium
temperaturegi.e. thosefor an infinitesimally small heatingrate) are Ae; and Aes respecirely, with
Acy > Aey andAcg > Aes. In previouswork [1] (hereaftereferredto asGBMS) aneuralnetwork was
usedto modelthevariationin thesetransformatiorstartandfinish temperatureasafunctionof thesteel
chemicalcompositionrandthe heatingrate(the“inputs”). Theanalysisvasconductedn alarge dataset
compiledfrom the publishediterature takinginto accouniatotal of 21 differentalloying elements.

Generallyspeaking the trainedneuralnetwork was demonstratedo be largely consistentwith phase
transformatiortheory andits predictedrends(i.e. thevariationof Ac; and Acs with theinputs)agreed
with establishednetallugical understanding-owever, in somecaseshetrendswerefoundto beuncer
tain (large errorbars)andhencedifficult to interpret,andin afew caseghetrendsdifferedconsiderably
from what was expected. Subsequentise of the modelhasalso revealedthat the analysismay have



beenover ambitiousin the numberof compositiontermsincludedasinput variables. It turnsout that

mary of the traceelementsshaved little or no significantvariationwithin the dataseusedto develop

thenetwork. Thusthe modelwasunableto learnthedependencef Ac; or Acs ontheseraceelements,
andasaconsequencihe modeltendednotsurprisingly to give uncertairpredictionsvhenthethetrace
elementconcentrationsverevaried.

The presentwork hastwo purposes.Thefirst is to repeatthe analysisusinga reducedsetof variables
by eliminatingthosevariableswhich (a) shav very little variation, (b) we believe not to significantly
influencethe austenitdformation processat the concentrationgnvolved, or (c) arelikely to have been
inaccuratelydetermined.

The secondpurposeis to introducea more generalmethodof datamodelling, the Gaussiarprocess
model[2] [3]. The neuralnetwork methodin the original work involved the creationof a large setof
models,eachwith a differentlevel of compleity. Thosemodelswhich weretoo simple— andhence
unableto capturethe trendsin the data— wererejected,aswereover complex modelswhich did not
generalizenell. Thusconsiderableffort wasexpendedn determiningthe requiredcomplexity of the
function (network) describingthe relationshipbetweenthe input and outputvariables. The Gaussian
processnodel,onthe otherhand,avoidstheexplicit parameterisationf theinput—outpufunction. One
of the advantageof this is thatit doesnot requireusto make the often ad hoc decisionregardingthe
compleity of our model (i.e. the numberof hiddennodesand layersin the network). It hasbeen
shavn thatthe Gaussiarprocesss a generalisatiorof mary standardnterpolationmethodsjncluding
neuralnetworksandsplines[4]. In metallugy, GaussiarProcessebave beenappliedto the problemof
modellingrecrystallisatiorin Aluminium alloys [5] [6].

In the presentvork, a Gaussiamprocessnodelis trainedonthereducedlatasetandtheresultscompared
with thosefrom theneuralnetwork in GBMS. In orderto ascertairwhetherthedifferencesaredueto the
useof anew typeof model,or thereducedlatasetanotherGaussiamprocessnodelis trainedon thefull
dataseti.e. all 22 inputvariablesjusedin GBMS.

2 TheData

The original datasetonsistef 22 input variables,andtwo outputvariables hamelythe Ac; and Acs
temperaturesrhich describethe onsetandcompletion(respectiely) of austenitdormationduringcon-
tinuousheatingfrom ambienttemperature788 caseginput—outpufpairs)wereusedin the analysis.

In additionto the heatingrate,theinput variablesconsistef the elementsC, Si, Mn, Cu, Ni, Cr, Mo,
Nb, V, W and Co, togetherwith the traceelementsS, P, Ti, Al, B, As, Sn, Zr, N andO. However, a
closeexaminationof the datasetndicatedthatthe variationin concentratiorior thetraceelementavas
rathersmall(zeroin thecaseof As, Sn,Zr andO) andpossiblyinsignificantcomparedvith theestimated
precisionof the chemicalanalysis.Furthermorein the majority of caseghe traceelementsarein such
smallconcentrationthatthey arenotexpectedo greatlyinfluencetransformatiorbehaiour. They were
thereforeeliminatedfrom thelist of inputs. Thereduceddatasets presentedn Tablel.

3 DataModélling

Theproblemwe addresss oneof obtainingamodelof thedependencef an‘output’ variable suchasthe
Ac; temperaturepn severalinputvariablessuchasthe masdractionsof thedifferentalloying elements.
A generalbpproactto this type of problemis to formulatea physicallymotivated,parameterizedhodel
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which describeghe relationshipbetweenthe inputsandthe output. We cantheninfer the parameters
of the modelusinga setof measurednputs and outputs(the training data), i.e. we interpolatethese
data. This canbe donewith standardregressionmethodssuchas leastsquaresminimisation. Once
theparameterbave beendeterminedve canmalke predictionsof the outputfor ary valuesof theinputs.
However, suchanapproachs limited to thosesimpleproblemsn whicha physicalmodelcanbedevised
which still modelsthe datawith suficient accurag. To obtainaccuratepredictionsin more comple
situationsit is often necessaryo take an empiricalapproachijn which the input—outputrelationshipis
determinedrom thedatawithout referenceo a simplified physicalmodel.

Onesuchapproachis neuralnetwork modelling. Neuralnetworks area flexible approacho datamod-
elling asthey canprovide anarbitrarily comple, non-linearmappingbetweeroneor moreinputsandan
output. Thismappings parameterizetly asetof ‘weights’, theoptimumvaluesof whicharedetermined
by trainingthe network.

4 The Gaussian process model

In modellingcomplex problemsempirically we do notknow whatthe parameterizetbrm of theinput—
outputrelationshipshouldbe. The Gaussiamprocesamodelis a way of avoiding having to explicity
parameterizéhis relationshipby insteadparameterizing probability modelover thedata[2] [3].

Letthetrainingdatasetonsisof N inputvectors{xi, xa, ... ,xx }, andthecorrespondingetof known
outputs(or “targets”) {t1, t2,...,tn}. A prediction,ty,1, canthenbe madeat ary new input value,
xn+1, basednthesetrainingdata. For brevity, let X ; representhe setof input vectorsandt y bethe
vectorof correspondingutputs.

The approachof the Gaussiarprocessmodelis as follows. Let P(ty|xy) be the joint probability
distribution over the N outputvaluesin the training dataset.This is a probability distribution in an N-

dimensionakpace. Similarly, the joint probability distribution of boththe N training datapointsand
the singlenew pointis P(tny+1,tn|xn+1, Xa). In makingpredictionsbasedon the training data,we
wantto find P(tn+1|xn+1, D), thatis, the probability distribution over the predictedpoint given that
we know the correspondingnput, x;+1, andall of thetrainingdata,D = {ty, Xx}. Therelationship
betweerthesequantitiescomesfrom thesimplerule of probability P(A, B) = P(A|B)P(B), whichin

this casetranslatego

P(tyy1,tn|xny1, Xn)

P(tN+1|XN_|_1,D) = P(tNlXN)

(1)

In orderto evaluatethis, we needto choosaheform of theseprobabilitydistributions. The Gaussiarnpro-
cessmodelspecifieghatthejoint prior probability distribution of ary N outputvaluesis a multivariate
Gaussian,

P(ty[Xn, @) oxexp (5 (tw — 1) Cxl by — ) 2)

where u is the mean,and Cy is a covariancematrix which is a function of Xy and ®, the latter
being a set of parametersvhich will be discussedater A similar equationholdsfor tx 1, where
tyy1 = (tn,tn41). Thuswe seethatthe numeratorand denominatoin equationl are multivariate
Gaussiansf dimensionN + 1 andN respectiely, in which caset canbeshavnthatP(ty11|xn+1, D)



is aunivariateGaussian,

P(tnt1|xn41, D) = L exp (v —9? (3)
\/%O'f 20—):2

with meant andstandardieviation o;. Thisis thedesiredprobability distribution over the outputvalue
for thegiveninput,xy 1. (Notethatwe arenotsayingthattheinput—outputunction is a Gaussian!)As
we have anentireprobability distribution, we cannot only make a predictionbut alsoassignconfidence
intenals to this prediction. Typically we would reporta predictionast + oz, Whereo; is the 1o error
determinedy themodel.

Thevaluesof ¢ ando; dependnthecovariancematrix, C v, of theGaussiaprocessnodelin equatior2
(seeAppendix). The elementf this matrix, C;;, aregiven by the covariancefunction,C'. Theform of
the covariancefunctionis centralto the Gaussiarprocessnodel,andembodieour assumptiongbout
the natureof the underlyinginput—outputfunctionwe aretrying to model. It is throughthe covariance
functionthatthe predictionsdependupontheinputsin thetrainingdata.

Thecovariancefunctionwe useis

1 )2
C =061exp l—gz 172]] + 0y + 07055 - (4)

=1 ’rl

I=L (x(l) I(l)

This givesthe covariancebetweenary two outputvalues,t; andt;, with corresponding.-dimensional
inputvectorsx; andx; respectiely. Thefirsttermin C specifiesour beliefthatthe underlyingfunction
we aremodellingis smoothlyvarying: r; is the characteristiéengthscaleover which thefunctionvaries
in the I** input dimension. Examiningthe form of this term, we seethatwhentwo inputsare“close”
(onthescaleof theirlengthscales}he exponentis small, sothis term makesa large contritution to the
covariance.In otherwords,if two input vectorsareclose,their correspondingutputsarehighly corre-
lated,makingit probablethatthey have similar values.This form of C placesrelatively few constraints
onthefunction,andpermitsusto modelnon-linearfunctions.

Thesecondermin equatiord simply allows functionsto have aconstanbffset,i.e. have ameandifferent
from zero. (This could alsobe doneby settingthe meanin equation2 to u = (1,1,...,1)c, wherec
is a hyperparametewhich mustbe inferred. We insteadchooseto sety = 0 and have all of the
hyperparametetis the covariancefunction.) Thefinal termis thenoisemodel: §;; is thedeltafunction,
so this term only givesa contritution to the covariancewheni = j. In this casewe have a constant
(inputindependenthoisemodel;the varianceof the noiseis 2. Notethatthis noisemodelis only for
the outputs:we assumehattheinputsto be noisefree.

Thesetof parameters; (I =1... L), 61, 8, ando,, in equatiord arecalledhyper parameters becauséhey
explicity parameterize probability distribution over the input—outputfunctionratherthanthe function
itself. They will bedenoted® for brevity, asin equation2. Along with xx 1 andthetrainingdata,the
hyperparametersompletelyspecifythe elementsf the covariancematrix andhencethe valuesof ¢ and
o; (seeAppendix).

If enoughis knowvn abouttheproblem thesehyperparametersanbesetby hand.More commonly how-
ever, we mustinfer their optimumvaluesfrom thetrainingdata. This is doneby maximizing P(®|D),
the probability of the hyperparametergiven the training data, with respectto ®. This is relatedto



P(tn|Xn, ®) in equatior? via Bayes'Theorem,

P(ty|Xy,®)P(0O)
P(tn|Xn)

P(©|D) = (5)

The optimisationmustusuallybe donenumerically The secondermin the numeratof equations is
theprior probability distribution over the hyperparameterd he hyperparametegriorsareanimportant
methodfor introducingary prior knowledge we may have of the valuesof the length scales,or the
magnitudeof the noisevariance.This approachof maximizingthe evidencefor the hyperparametels a
Bayesiaronewhich automaticallyembodiesompleity control,evenif theprior onthehyperparameters
is uniform (uninformatve) [7].

5 Results: model performance

In developinga Gaussiamprocessnodel thedatasetvasrandomlydividedinto two halves,eachconsist-
ing of 394input—outputpairs. Thefirst half (training data)wasusedto train the model,andthe second
half (testdata)wasthenusedto testthe ability of the modelto generalizéts predictions.To aid inter
pretationof the model,eachinput andoutputvariablewaslinearly scaledinto therange—0.5 to +0.5,
usingtherangevaluesin Tablel.

Two separat€&aussiamprocessnodelsveredevelopedn thisfashiononeto modeleachof Ac; andAcs
asafunctionof thereducednputdatase{Tablel). Theperformancef thesemodelsonthetrainingand
the testdatais shavn in Fig. 1, by plotting the predictedvalue,f, againsthetamgetvalue,T. This plot
clearlydemonstratethatbothmodelshave generalizedvell, andthereforehave capturedhe underlying
relationshipsn thetraining data. Theseplots alsoshav the modellinguncertaintiesg;, determinedby
the model (equation3). Giventhatthe size of theseuncertaintiess commensuratgith the scatterof
the predictionsaboutthe tamget values,we canbe confidentthatthe modelis makinggood predictions
of its own error This canbe betterseenin Fig. 2, which shavs histogramf the z values.The z value
is the numberof standarddeviationsfrom which the predictedvalue differs from the taiget value, i.e.
z = (t—T)/o;. Thisfigureshavsthatthemodelis predictingreasonablencertaintieswith 94%(68%)
of both Ac; and Acs predictedemperaturelying with 20; (10;) of thetagetvalue.

Fig. 3 shavs the inverseof the lengthscalehyperparameter®r the two Gaussiarprocessmodels. As
canbe seenfrom equatiord, the inversesquareof the lengthscale,r;, givesthe scaleof the I** input
overwhichtheoutputvariesby asignificantamount.ThUSrf1 is ameasuraf the“relevance”of thel'"
inputin determiningthe output: if r; is small,the outputvariesquite alot asz; does,soits relevanceis
large. Notethattherelevanceis not quitethe sameas*“sensitvity” of the output,t, to aninput, z;. (This
latter quantitywould be 0t/ dz;, which depend®n the valueof z;.) Ratherthe relevanceis anoverall
measuref the significanceof thatinput variablein determiningthe output. The relevanceparameters
canbecomparedirectly with thes,, valuesin GBMS, andwe seesimilar overall results.

Accordingto Fig. 3, themodelspredictthatcarbonexplainslessof thevariationin Ac; thanin Acs. This
canbe understoodhysicallybecausehe carbonis, in the startingmicrostructurepresentascarbides,
with very little of it in solution. The averagecarbonconcentratioris thereforeof secondarymportance
for the startof austenitdormation.

It is importantto notethatthe lengthscalesreportedin Fig. 3 arein units of the scaled input variable.
As theinputswerescaledto lie in therange—0.5 to +0.5, the sizeof the lengthscaledependson the
rangeof the inputs. Thusthe reportediengthscaleof 1.68for carbonin the Ac; problemcorresponds



to a lengthscalein units of concentratiorof 1.61wt-%, whereaghe almostidentical reportediength
scaleof 1.69for siliconis a concentratiodengthscaleof 3.60wt-%, on accountof the larger rangeof
concentrationsf siliconin thedatase{Tablel). It is nonethelesssefulto reportlengthscalesn terms
of thescaledvariable asthis takesinto accounthedifferencesn thetypical concentratiomangesof the
differentalloying elements.

The standarddeviation of the noisein thedata,o,, is oneof the hyperparametedgarnedby the model
during training (seeequationd). This wasfoundto be o, = 14.0°C ando,, = 17.5°C for the Ac;
and Acs modelsrepsectrely. Thenoise,alongwith someadditional“fitting uncertainty”,comprisethe
modellinguncertainty o;, at a given point (the error barsin Fig. 1). The averagevalue of o; for the
testdatais 17.3°C and19.7°C for Ac; and Acs respectiely. Assumingthatthefitting uncertaintyand
noiseaddin quadraturewe seethat the noisetypically contritutesabout85% of the total modelling
uncertainty In otherwords, the intrinsic noisein the measurementsf Ac; and Acs is probablythe
dominantsourceof errot

6 Results: model predictions

Figs.4, 5 and6 shav themodels’predictionsof the effectsof varyingthe concentratiorof the different
alloying elementson the Ac; and Acs temperaturesOtherthanthe predictedtrendsshavn in Fig. 4

for carbonandthe heatingrate,all predictionsarefor a heatingrateof 1K s~ andfor Fe—0.2Q(wt-%)

steels,i.e. the fraction of all alloying elementstherthanthe onebeingvariedis zero. The predicted
effect of the carbonconcentratior{Fig. 4a)is for a plain carbonsteel(i.e. binary Fe—Calloys), againat
aheatingrateof 1K s~!. Theheatingratepredictionis (Fig. 4b) for abinary Fe—0.2Q(wt-%) steel.

The peakin the transformatiortemperaturdFig. 4a) wasnot initially expected althoughit canbe ex-

plainedif retainedaustenitas presenin themicrostructureThis predictionis consistentvith thatgiven

by theneuralnetwork in GBMS, andthereadelis referredto thatpaperfor adiscussionThe predictions
for carbon(Fig. 4b) arein broadagreementvith thoseobtainedn GBMS.

Nickelis anaustenitestabilizer andjudgingfrom the phasadiagram boththe Ac; and Acg temperatures
shoulddecreaswviith increasinguickel concentrationThesdrendsarepredictedy the Gaussiamprocess
modelsasillustratedin Fig. 4c. Thisresultis alargeimprovementover the resultsof the previousneural
network analysis,which not only gave anincorrecttrendfor the Ac; temperatureasa function of the
nickel concentrationbut alsoindicatedvery large uncertaintiesn the calculations.

The predictionsfor chromium(Fig. 4d) aremoreinterestingandagainsignificantlydiffer from GBMS.
The Acs temperaturgoeshroughaminimumatabouts wt-% of Cr, whichis consistentvith aminimum
foundin the equilibrium Aes temperatureat about7 wt-%. On the otherhand,thetrendof Ac; asa
functionof Cr is oppositeto thatexpectedor Ae;; thereasorfor thisis notunderstood.

It would be usefulto knowv whetherthesediscrepanciebetweenthe Gaussiarprocesamodelandthe
neuralnetwork modelareon accountof having useda differentmodelor the reduceddataset.To deter
minethis, we developedGaussiamprocessnodelson the full datasetuisedin GBMS, andusedtheseto
male predictionsfor the samealloys. For brevity, we shallreferto the Gaussiamprocesanodeltrained
on the reduceddatasetasthe 12d model(for 12 input dimensionsandthattrainedon the full dataset
asthe 22d model. We find that both modelsgive essentiallyidentical trendswith HR, C and Ni for
both Aci;and Acs, indicatingthatthe improved predictionsin Fig. 4 areon accountof having usedthe
Gaussiamprocessnodelratherthandueto theremoval of thetraceelements.

Fig. 5ashaws thatcopper over the concentratiomangeconsideredhaslittle influenceonthe Acs tem-



peraturebut depresseshe Ac; temperatureasthe concentratiorapproacheshe upperlimit of about
1 wt-%. The latter effect is expectedfrom the phasediagram,sincecopperincreaseghe stability of
austenite.

The Gaussiamprocesgpredictionsfor manganesaresimilarto thoseobtainedoy the neuralnetwork, but
thelargeruncertaintiepredictedby the GaussiamprocesseemmorereasonableThisis particularlythe
casewhenwe considerthatthe modelshouldnever predictuncertaintiesmallerthantheinferrednoise
level. Fig. 5bshavs somehigh frequeng’ detailin thevariationof the Ac; predictionswith manganese,
whichis notexpectedandwasnot presentn theneuralnetwork predictions Thisis reflectedoy thesmall
length scale(0.09) for the Gaussiamprocessmodel. In comparisonthe 22d Gaussiamrocessmodel
predictslessvariation,andhasa correspondinglyargerlengthscale(0.22). Thediscrepang maybeon
accounbf the 12d modelslightly overfitting the datain this region of theinputspace.

The Ac; and Acs temperatureshav a similar insensitvty to low concentration®f molybdenumasin
thepreviouswork (Fig. 5¢). As notedin GBMS, theoppositerendsof Ac; and Acg athigherconcentra-
tionsareconsistentvith phasediagramcalcuationsThe 22d Gaussiarprocessnodelsgivesessentially
identicalpredictions.

It is worth mentioningat this point that the Gaussiarmprocessmodel, like the neuralnetwork, is an
interpolationmodel. Thuswhen extrapolatingbeyond the rangesof the input valuesin the training
datasethe predictionsare lesswell determinedby the data,so we would expect poorerpredictions.
Correspondinglywe would expectthe modelto predictlarger uncertaintiesand this can be seenin
Figs.4 and5. As we move away from the rangeof the training data,the predictionsbecomemoreand
more model-dependentn this casedependenbn the form of the covariancefunction. Inspectionof
equationd shavs thatwell away from the data(large z;) the dominantcovariancetermis 6, which is
constantsothe extrapolationswill asymptot@¢owardsa constanvalue. The predictionsn Figs.4, 5 and
6 aremostlyfor valueswithin therangeof inputs. However, it shouldbe pointedoutthatthe distribution
of the inputsis sometimesskewed towardslow values,e.g.for molybdenum(Table 1). Thuscould
model-dependerdxtrapolationexplain the “turn down” in Ac¢; for high Mo concentrationgn Fig. 5¢?
Theansweilis probablyno, asa similar turn down is seenin GBMS from the neuralnetwork, which has
adifferentmodelprior. We aresimilarly confidenthatmuchof thebehaiour in the otherplotsis “real”.

An initial reactionmaybethatextrapolationshouldfollow thelasttrendin the data,ratherthantending
towardsa constantvalue. However, we cannotnecessariljustify that suchtrendsshouldinfluence
predictionsatvery distantpartsof theparametespace Thechoiceof themodelprior is thusa somevhat
philosophicalone which we will not discusshere. We simply warn the readerthat the extrapolations
from ary modelwill be model-dependentA different Gaussiarprocesscovariancefunction could be
introducedo provide differentextrapolationbehaiours[8].

The Gaussiarprocessnodelgivesa predictedirendfor the Ac; temperaturén silicon (Fig. 5d) which
differs from the neuralnetwork predictions.However, giventhe very large errorbarsin thelatter case,
the neuralnetwork essentiallyfailed to learnary significanttrend. The 22d Gaussiarprocesanodels
give similar predictionsand error barsto the 12d Gaussiarprocessamodels,shaving that the reduced
uncertaintyis aresultof usingthe Gaussiarprocessnodel.

The~ + a phasedfield in Fe—Coalloys is extremelynarrav andthe phaseboundariesrevirtually hor
izontal on the plot of temperaturerersusconcentration.This is accuratelyreflectedin the predictions
for cobalt(Fig. 6a). Vanadiumis a very strongcarbide—formingelementwith limited solubility even
in austenite.Hence,it is not surprisingthat both the Ac; and Acs temperaturesreinsensitve to the
vanadiumconcentratior(Fig. 6b). This is similar to the predictionsof GBMS, but the Gaussiarmpro-
cessmodeldoesnot predictthe sharpincreasen both Ac; and Acs betweenconcentrationsf 0.1 and
1.0wt-%. The 22d Gaussiarprocessnodelsshav very similar behaiour to the 12d Gaussiarprocess



models.

7 Model Comparison

The performanceof the modelsdiscussedbore (12d Gaussiarprocesamodel; 22d Gaussiarprocess
model; 22d neuralnetwork modelfrom GBMS) canbe assesselly comparingrms errorson the test

data. Theseareshavn in Table2. The modelsgive very similar rms errorson the Ac; problem. This

indicatesthatremoving the 10 tracevariablesdoesnot decreasé¢he quality of the predictions. It also

shaws that thereis little differencein the average performanceof the models,althoughthe analysis
above hasshavn that the Gaussiarprocessmodelsgive betterpredictions(aswell as more plausible
errorbars)for someFe—-0.2Qwt-%) steels.

The smallerAcs errorfor the 12d Gaussiarprocessnodelascomparedvith the 22d Gaussiamprocess
modelis presumablyon accounbf having remoredthetracevariables.This would seento confirmour
suspiciorthatretainingthe tracevariabledeadsto inferior performanceprobablydueto theinaccurag
of their measurementlt is interesting,however, that this hasnot affectedthe Ac; Gaussiarprocess
model. It is possiblethatthe tracevariablesare moresignificantin determiningAc; than Acs, but the
reductionfor Acg is small(2.6°C), sothis conclusiormay not bethatsignificant.

The rms error doesnot tell the whole story, asit ignoresthe predictederror o;. Thusevenif a pre-
diction which greatlydiffers from its target value hasa correspondinglyarge predicteduncertainty it
will nonethelesgive a large contrilution the rms error  This limits the value of the rms error asa
measuref modelperformance A measuravhich doestake into accounthe predicteduncertaintiess
P(ty+1]|xn+1,D) in equation3, the probability of a predictiongiventhetraining data. The productof
theseprobabilitiesoverthe K vectorsin thetestdatasegivesthetotal predictederror

k=K k=K >
InL=-— H P(tg|xg, D) = Z <M -I—lnak> (6)
k=1

2
k=1 20'k

whereT}, ¢, andoy, arethe tamget, predictionand modelpredicteduncertaintyrespeciely for the &k

vector;anadditive constanhasbeendropped.ln L is a dimensionlesgrror, with morenegative values
indicatingabettermodel. Thevaluesof In I for theGaussiamprocessnodelsarelistedin Table2. While

the22dGaussiamprocessnodelgave alargerrmserrorthanthe 12d Gaussiamprocessnodelonthe Acs

problem,they have very similar In L values.In termsof the consisteng of their predictionswith their
reporteduncertaintiesthereforethetwo modelsareequallygood.

The neuralnetwork givesslightly lower averageerrorsthanthe Gaussiarprocesdor the 22d problems.
However, it shouldbenotedthatmary neuralnetworkswith differentdegreesof compleity anddifferent
initial weightsweretried beforeselectinghe bestone,i.e. thatwhich gave the smallesterroron thetest
datasefl]. No suchselectiorwasdone(or is necessaryyith the Gaussiarprocesssothe comparison
is notentirelyfair.

8 Conclusions

The Gaussiarprocessmodelhasbeenintroducedfor empirically modellingthe relationshipbetweera
setof input variablesandan outputvariable. This modelhasbeenappliedto the problemof predicting



thetemperaturatwhich austenitestartsto form (Ac; ) andthetemperaturatwhich austenitédormation
completeq Acs), duringthe continuousheatingof a steelalloy. In contrastto previouswork (GBMS),
a reduceddatasehasbeenusedby removing thosetraceelementselieved to be largely irrelevantin
determiningAc; and Acz atthe concentrationinvolved. Their irrelevancehasbeenconfirmedby our
analysesas Gaussiarprocessnodelstrainedon the original full datase{(22 inputs)give very similar
resultsto Gaussiarprocessnodelstrainedon thereduceddatase{12 inputs).

The Gaussiarprocesamodelhasthe advantageover the neuralnetwork modelthatwe avoid having to
male a decisionregardingthe numberof hiddennodesandlayersin the network. The neuralnetwork
architecturenustoftenbe optimisedby traininga rangeof networks andcomparingtheir performances
on a separatevalidation dataset. No suchvalidation datasetis requiredwhen training the Gaussian
processallowing all of the datato be usedfor training. Anotheradwantageof the Gaussiarprocess
modelis thatits hyperparameter@emoreinterpretabléhantheweightsin aneuralnetwork. Ourresults
have demonstratethatthe Gaussiamprocessnodelperformsatleastaswell astheneuralnetwork model
of GBMS[1], andin mary casegproducedoetterpredictionge.g.Ni) andsmallererrorbars(e.g.Si).
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Appendix

The predictive probability distribution from the Gaussiarprocessmodel (equation2) is a univariate
Gaussiarwith meant andstandardieviation o; (equation3). Thesearegivenby (e.g.[9])

t=kTCx'ty , (7)

o} =k—k"Cy'k , (8)
where

k = [O(x1,xN41), O(x2,XN41), -, O (%N, XN 41)] ©)

k=C(XNt+1,XN+1) - (10)

C' is the covariancefunction (equation4). Cy isthe N x N covariancematrix formedfrom the N
trainingdatapoints,the elementof whichareC;; = C. x1,x2,...,xy arethe N inputvectorsin the
training datasetorrespondingo the N outputs,ti, to,...,tn. Xy+1 IS theinputat which we wish to
malke a predictionof ¢.
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Tablel: ThereduceddatasetThe 12 inputvariablesconsistof 11 elementconcentrationgin wt-%) and
the heatingrate. Thetwo outputvariablesarethe Ac; and Acs temperatures.

Variable Range Mean Standard
Deviation

C 0-0.96 0.30 0.17

Si 0-2.13 0.39 041

Mn 0-3.06 0.82 0.38

Cu 0-2.01 0.05 0.13

Ni 0-9.12 1.01 1.48

Cr 0-17.98 1.23 2.38

Mo 0-4.80 0.32 0.37

Nb 0-0.17 0.003 0.013

Vv 0-2.45 0.05 0.13

w 0-8.59 0.06 0.48

Co 0-4.07 0.06 0.42

HeatingRate/ Ks=! 0.03-50 1.0 11.6

Aci/ °C 530-921 724 52

Acs/ °C 651-1060 819 55

Table2: A comparisorof thermserrors,E, andlog predictederror, In L, on the testdataobtainedby
threedifferentmodels.(L is definedin thetext.) Theneuralnetwork modelis from GBMS. In all cases
oneof theinputsis theheatingrate;the otherinputsarethealloying elements.

Model E(Ac1)I°C E(Ac3)I°C InL(Aci) InL(Acs)
Neuralnetwork (22 inputdimensions) 20.2 21.8 — —
Gaussiamprocesg22 input dimensions) 21.0 25.3 971 954
Gaussiamprocesg12 inputdimensions) 20.9 22.7 967 964
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(a) Ac; modelpredictionsof thetrainingdata;(b) Ac; modelpredictionsof thetestdata;(c) Acs model
predictionsof thetrainingdata;(d) Acs modelpredictionsof thetestdata.

Figure 1: Predictedvs. tamget outputsfor the Ac; and Acg Gaussiarprocessmodelstrainedon the
reduceddataset.E is the rmsvalue of the predictionsin eachcase(i.e. the scatterof pointsaboutthe
overplottedpredicted= tamgetline). Theerrorbars,o;, arethe modellinguncertaintiepredictedby the
Gaussiamprocessnodel(equation3).
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Figure 4. Gaussiarprocessmodel predictionsfor HR, C, Ni and Cr. The filled pointsarethe Ac;
predictionsandthe solid linesthe correspondingt 1o modellinguncertaintiesThe openpointsarethe
Acs predictionsandthedashedinesthecorresponding: 1o modellinguncertaintiesFor thepredictions
againsheatingrate(HR), thealloy is abinary Fe—0.2Qwt-%) steel. The predictionsagainsttarbonare
for plain carbonsteelsandfor Ni andCr thealloys areFe—0.2Qwt-%) steels.In thesdatterthreecases
theheatingrateis 1K s !.
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Figure5: Gaussiarprocessmodelpredictionsfor Cu, Mn, Mo and Si. Thefilled pointsarethe Ac;
predictionsandthe solid linesthe corresponding: 1o modellinguncertaintiesThe openpointsarethe
Acs predictions,andthe dashedines the correspondingt1o modellinguncertainties.The alloys are
Fe—0.2Qwt-%) steelstheheatingrateis 1K s~!
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Figure6: Gaussiamprocessmodelpredictionsfor Co, V, Nb andW. Thefilled pointsarethe Ac; pre-
dictions, andthe solid lines the correspondingt 10 modellinguncertainties.The openpointsarethe
Acs predictions,andthe dashedines the correspondingt1o modellinguncertainties.The alloys are
Fe—0.2Qwt-%) steelstheheatingrateis 1K s 1.
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